Mercator's method of constructing his conformal projection in 1569
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Summary

Mercator constructed his conformal projection geometrically. To create equidistant parallels,
he used a method that had already been developed by Ptolemy. Mercator not only
rediscovered this lost method, but also developed it further. This enabled him to geometrically
determine the relationships between the parallels and the meridians necessary to create a
conformal projection. This geometric basis allowed the projection to be created by
mathematical calculation.
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1 Introduction

The mystery of Mercator's projection of 1569 is that its calculation would require differential
calculus, which was invented much later. Numerous attempts have been made to reconstruct
his methods (see, for example, D'Hollander 2005). Mercator did not describe his method.
There is only a short note by him, which has not been correctly interpreted in the
reconstruction attempts so far. However, it has already been shown that Mercator's projection
can be produced exclusively geometrically, i.e. using only a linear and a compass (Papay
2022b). This paper presents an even simpler geometric method, which also allows the
projection to be calculated using the mathematical methods available at the time.

2 The geometric method

Mercator was an excellent expert on Ptolemy's projection theory. It can be proved that he
rediscovered the method of the transformed great circle, which Ptolemy had not explicitly
described and which had therefore been lost. With this method, Ptolemy was able to make his
projections without trigonometric calculations. He simply used the compass and the linear
(Papay 2022a). The starting point of his geometric method was the flat half of the globe with
a diameter of 180 units, corresponding to 180 degrees. This transformed great circle was used
to transform the parallels into equidistant straight lines. Figure 1 illustrates this method.
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Fig. 1: Geometric method for determining equidistant parallels

With the aid of the transformed great circle, it was also possible to determine the relationships
between the parallels and the meridians (Papay 2022a, p. 100). Ptolemy used this method to
determine the mean circle of latitude in his regional maps. Figure 2 illustrates this method
using the 70° parallel as an example. The parallel of 70°, marked “a”, is shifted to the equator
line. Its end point is connected to the upper end point of the prime meridian. Shifting this
relation line by 1° on the degree scale of the equatorial line gives the distance “b” (Fig. 2).
More accurate results can be obtained by enlarging the relation lines. In this case, the relation
lines are not shifted by 1°, but by up to 10° on the graduation of the equator line (Fig. 3).
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Fig. 2: Determination of the relationship between the parallels and the meridians with the
help of the example of the 70th parallel.
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Fig. 3: Determining the relationship by extending the relationship lines

This method can be used to determine the relationships required for an angular representation
for each parallel. The results are shown in Figure 4.



0° 10° 20° 30° 40° 50° 60° 70° 80° 90°
Fig. 4: Angular relationships of the parallels to the meridians as shown

On this basis a conformal projection can be generated. The modified widths of the parallel
circles are plotted cumulatively with parallel lines or rectangles. The actual parallel are then
located at the respective centres of these parallel lines or rectangles.
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Fig.5: Rectangle of parallels cumulative display

It can be assumed that Mercator was aware of this possibility for the geometrical design of a
conformal projection, which was only implicit in Ptolemy. In any case, it can be proved that
he knew the method of the transformed great circle. A reference in his map of the world
"Nova et aucta orbis terrae descriptio ad usum navigantium emendate accomodata" attests to
this. The passage in question is located in the area of North America: "...ea causa errores
committantur, ille caput est, quod trium locorum inscriptinem, si medius uinis extremis iusta
directione et distantia respondeat, impossibile sit extremos similiter inter se respondere,
quibus consideratis gradus latitudinem versus utrumque polum paulatim auximus pro
incremento parallelorum supra rationem quam habent ad equinoctialem”. The English
translation is: "...great errors result from this: the greatest being that if three places on one



side of the equator are represented in the form of a triangle, and each place in between is
correctly located, with the correct direction and distance in relation to the corners of the
triangle, it is impossible for the corner points to coincide in the same way. In view of these
facts, we have gradually increased the parallels in the direction of the two poles, which has
made the increase of the parallels than that of the equator". The highlighted passage in this
quotation is clear evidence that Mercator used equidistant rectilinear parallels for his
geometric method, which can only be produced geometrically by the transformed great circle
method. Furthermore, this note contains a clue as to how he applied this method. His method
is shown in Figure 6.
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Fig. 6: Enlargement of the parallels using the example of the 70th parallel

The line between points A and B, marked “a”, is the parallel of 70°. The line between B and C
is a length equal to one degree on the equator. The triangle ABC is enlarged to become the
triangle ADE. The distance between points A and D is a quarter of the length of the equator,
1.e. 90 degrees. The distance of one degree at the 70th parallel is increased to the distance
between points D and E, marked "b". The degree scale on the left corresponds to the degree
scale on the equator. The geometric latitude of the 70th parallel increases by one degree to the
distance between points D and E, marked "b"
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Fig. 7: Cumulative display of scaled triangles for each parallel



2 The mathematical method

On the basis of the geometric method, the concept of which was explained in Figure 6, it is
also possible to determine the graphic widths of the individual latitude circles mathematically.
The length of the parallels of latitude is calculated using the formula U=2n*r*cos(¢). In our
case, since we are using a "great circle", the formula is U=90*cos(¢) or a=90*cos(p). The
length of "a" is related to 90° in the same way as 1° is related to the length of "b". The length
of "b" is therefore calculated using the following formula: b=90/90*cos(o). In the centre of
"b" are the lines of each of the parallels. The calculation of the distances of the parallels of
latitude from the equator, denoted by "c", is explained using the example of the 70th parallel:
to the cumulative value of "b" at 69° (98.482), add half of "b" at 70° (0.5%2.924). A value of
0.5 must be added to each of the values obtained in this way. This is because the 0° parallel is
also affected by the transformation. Consequently, "c" at 70° is 99.44 units, corresponding to
99.44° at the equator. The results for "c" are shown in Figure 8. With the help of the data of
"c", the distances of the parallel from the equator for any scale can be calculated very easily
with only one multiplication.

b c b c b c b c
1°| 1,000 1,000 21| 1,07 21,487 41° 1,325 45,028 61°| 2,063 77.492
2°l 1,001 2,000 22°| 1,079 22,562 42° 1,346 46,364 62°| 2,130 79,589
3°| 1,001 3,001 23°| 1,086 23,644 43°( 1,367 47,720 63°| 2,201 81,755
4°| 1,002 4,003 24°| 1,005 24,735 44°( 1,390 49,099 64°| 2,281 83,997
5°( 1,004 5,006 25°| 1,103 25,834 45°| 1,414 50,501 65°| 2,366 86,321
6°| 1,006 6,011 26°] 1,113 26,942 46°( 1,440 51,928 66°| 2,459 88,733
7° 1,008 7,018 27°| 1,122 28,059 47°| 1,466 54,861 67°| 2,559 91,242
8’| 1,010 8,026 28°| 1,133 29,187 48°( 1,494 53,381 68°| 2,669 93,857
9°| 1,012 9,037 29°| 1,143 30,325 49°| 1,524 56,371 69°| 2,790 96,587
10°| 1,015 10,051 30°] 1,155 31,474 50°| 1,556 57,911 70°| 2,924 99,444
11°| 1,018 11,068 31°| 1,167 32,635 51°| 1,589 59,483 71°| 3,072 102,441
12°| 1,022 12,089 32°| 1,179 33,807 52°| 1,624 61,090 72°| 3,236 105,595
13°| 1,026 13,113 33°| 1,192 34,993 53°| 1,662 62,733 73°| 3,420 108,923
14° 1,031 14,142 34° 1,206 36,193 54° 1,701 64,414 74° 3,628 112,447
15°| 1,035 15,175 35°| 1,220 37,406 55°| 1,743 66,136 75°| 3,864 116,193
16°| 1,040 16,213 36°| 1,236 38,634 56°| 1,788 67,902 76°| 4,134 120,192
17°| 1,046 17,256 37°| 1,252 39,879 57°| 1,836 69,714 77°| 4,445 124,481
18°| 1,051 18,304 38°| 1,269 41,139 58°| 1,887 71,576 78°| 4,810 129,109
19°| 1,058 19,359 39°| 1,287 42,417 59°| 1,942 73,490 79°| 5241 134,134
20°| 1,064 20,420 40°| 1,305 43,713 60°| 2,000 75,461 80°| 5,759 139,634

Fig.8: Mathematically calculated geometric latitude of the scaled parallels (b) and the
resulting distances of the parallels from the equator (c)

3 Conclusions

The basic concept of Mercator's method, with which he created his angular projection, was
still based on an ancient tradition, the development of which led to the modernisation of
cartographic projection theory in two ways. On the one hand, Mercator modernised by
creating a functional optimisation of the map network for navigation. On the other hand, it
was modernisation in the sense that it initiated the mathematisation of map projection theory.
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